We prove some weighted W 2,2 -a priori bounds for a class of elliptic second order linear differential operators of Cordes type on unbounded domains of R n , n ≥ 2.
Introduction
Consider the Dirichlet problem
where Ω is an open subset of R n , n ≥ , with a suitable regularity property, and L is an elliptic second order linear differential operator, with measurable coefficients, defined by
If Ω is bounded and the coefficients a ij are continuous, it is well known that problem () is uniquely solvable (see, for instance, the classical results in [, ] ). In the framework of discontinuous coefficients, special attention is paid to the so-called Cordes condition introduced by HO Cordes in the study of Hölder continuity of solutions of () (see [, ] ). It replaces the hypothesis on the continuity of the a ij 's with the requirement that the eigenvalues of the matrix of the coefficients A = (a ij ) do not scatter too much. The Cordes condition enabled Talenti in [] to provide the well-posedness of problem () for elliptic operators L without the lower order terms a i , a, and on bounded domains of R n , n ≥ . Later on, the author studied the solvability of problem () also in the planar case, only assuming the following condition on the leading coefficients:
together with the boundedness of the lower order terms a i , a of operator L defined in () (see [] ).
Next in [] the above mentioned results in [, ] were extended to elliptic equations of type () where the operator L of Cordes type has lower order coefficients in suitable Lebesgue spaces. Uniqueness and existence results for problem (), under a more general assumption on the discontinuous leading coefficients a ij , known as Chicco-condition, were proved in [] .
If Ω is an unbounded domain, problem () was studied, for instance, in [] , where the leading coefficients satisfy Cordes type condition and the lower order terms a i , a belong to suitable classes of Morrey type spaces.
It is well known that the primary tools in the proofs of existence and, sometimes, uniqueness of solution of elliptic boundary value problems of type () are W , -a priori bounds.
Our aim in this paper is to prove some weighted a priori estimates for a problem similar to () on unbounded domains of R n , n ≥ , where the leading coefficients are in the class of discontinuity of Cordes type. More precisely, we consider the following Dirichlet problem:
We recall that some W , s -a priori bounds as well as the well posedness of problem () were proved in [] in the planar case, assuming that the matrix A is uniformly elliptic, while the lower order terms satisfy hypotheses similar to those required in [] .
Here, we want to obtain the mentioned weighted a priori estimates in [] also in the case n > , under an assumption on the leading coefficients a ij of Cordes type and under hypotheses on the coefficients a i more general than those in [] .
The paper is organized as follows. In the next section we present basic notation and a class of Morrey type spaces where the lower order terms of our operator belong. In Section  we recall the definitions of our specific weight functions. Then we focus on certain classes of related weighted Sobolev spaces and we give auxiliary theorems to state our main results. In the last section we first establish some W , -a priori estimates and then, using a result in [] related to the existence of a topological isomorphism from W
, we are finally able to derive our weighted a priori bounds.
Taking into account the results of this paper, we are now in a position to approach the study of solvability of problem ().
Function spaces
In this section we recall the definitions and some properties of a class of Morrey type spaces to which the lower order coefficients of our differential operator belong. 
We point out that
Furthermore, the following strict inclusion holds true:
. For a general survey on Morrey type spaces M p (Ω), we refer to [] .
In the end, we define the moduli of continuity of functions belonging to
As shown in [], given g ∈ M p,λ (Ω), the following characterizations hold:
where ζ h , for any h ∈ R + , denotes a function of class C
Weight functions and weighted Sobolev spaces
Next we recall some properties of a class of weights we are interested in, and we adapt to weighted framework some known embedding results. Let Ω be an open subset of R n , not necessarily bounded, n ≥ . Given k ∈ N  , we consider a weight function ρ :Ω → R + such that ρ ∈ C k (Ω) and
As an example, we can think of the function
From (), by induction procedure, we can deduce the following property on the weight function ρ, shown in Lemma . of [] .
Lemma . If assumption () is satisfied, then
Some further interesting properties of the above weight functions can be found in [] . Let us define now a class of weighted Sobolev spaces, with a weight function of the above-mentioned type. For k ∈ N  , p ∈ [, +∞[, s ∈ R and given a weight function ρ satisfying (), we denote by W k,p s (Ω) the space of distributions u on Ω such that
equipped with the norm given in (). Moreover, we put W
and we denote by
. A more detailed account of properties of weighted Sobolev spaces W k,p s (Ω) can be found in [] . In particular, in Lemma . of [], the authors proved the following result, which will be a fundamental tool in the proofs of our main results.
with c  = c  (t) and c  = c  (t 
We end this section by proving some embedding results, adapted to our needs, which concern the boundedness of the multiplication operator
where the function g belongs to suitable Morrey type spaces. Here Lemma . will play a crucial rule since it allows us to pass to no-weighted framework in order to exploit some well-known embedding estimates. 
where c( ) depends on , Ω, n, r, s and 
where c ( ) and Ω depend on , Ω, n, ρ, s, r and
Proof Let u ∈ W , s (Ω) and g ∈ M r,λ (Ω). In view of Lemma . one has ρ s u ∈ W , (Ω).
Hence, from Theorem . in [] it follows that there exists a constant c ∈ R + such that
where c depends on Ω, n, r. Then, according to Lemma . and (), we get (). Now employing this embedding estimate we easily deduce () and (). Indeed, fix >  and let c be the constant in (). 
From this last inequality we get ().
Theorem . Let Ω be an open subset of R n having the cone property and let () be sat-
isfied for k = . If g ∈ M t (Ω), with t =  if  ≤ n ≤ , t >  if n = , t = n/ if n > , and u ∈ W , s (Ω), with s ∈ R, then we have gu ∈ L  s (Ω). Moreover,
there exists a constant c ∈ R + , depending only on Ω, n, t and s, such that
where c( ) depends on , Ω, n, t, s and 
where c ( ) and Ω depend on , Ω, n, ρ, s, t and
where c depends on Ω, n, t. Therefore, Lemma . together with () give bound (). Now, arguing as in Theorem ., we easily deduce estimates () and ().
A priori estimates
Our goal in this section is to give some W , s -a priori bounds for an elliptic second order linear differential operator of Cordes type. Here, the crucial analytic tools will be again Lemma . and certain unweighted a priori bounds, which we will prove at first.
Let Ω be an unbounded open subset of R n , n ≥ , such that:
(h  ) Ω has the uniform C  -regularity property according to Adams [] .
Consider in Ω the second order linear differential operator in non-divergence form
Concerning the leading coefficients, assume that
while for the lower order terms coefficients suppose
Here we point out that the Cordes type condition, mentioned in hypothesis (h  ), entails that the operator L defined in () is uniformly elliptic in Ω. Moreover, it corresponds to uniform ellipticity if n = .
We explicitly observe that, in view of Theorem . in [] , under the assumptions (h  )-(h  ), the operator
is bounded. We set
Let us begin by providing an a priori bound of global type.
Lemma . Under hypotheses
where c depends on In order to prove another a priori bound of global type, we assume the following further assumptions on the coefficients of the operator L:
where the exponents r, t and λ are as in assumptions (h  ) and (h  ). We observe that under hypotheses (h  ), (h  ), (h  ), (h  ) the operator () is also bounded, and the following a priori estimate holds. 
Lemma . Under hypotheses
where c and
and a bounded open subset Ω  ⊂⊂ Ω with the cone property such that
where c  and
and b  . Moreover, from Corollary . in [] it follows that for any ∈ R + there exist c( ) and a bounded open subset Ω ⊂⊂ Ω with the cone property such that
where c( ) and Ω depend on , Ω, n, r,
Applying in () the classical interpolation inequality (see Theorem . in [] ) and using (), we easily get bound (). Now we can use the estimates established above to obtain some W , s -a priori bounds. To this aim, from now on we consider a weight ρ :Ω → R + , ρ ∈ C  (Ω) and such that
Let L be the differential operator defined in (). We explicitly observe that under assumptions (h  ), (h  ), (h  ), (h  ) and (h  ), the operator
is bounded, as consequence of Theorem . and Theorem .. Let us give the first weighted a priori estimate.
Theorem . Under hypotheses
where c depends on
Therefore, in view of Lemma ., there exists c  ∈ R + such that
where c  ∈ R + depends on the same parameters as c  and on s. Then, by Theorem ., there exists a constant c  ∈ R + depending only on Ω such that
On the other hand, from Theorem . it follows that for any ∈ R + there exists c  ( ) ∈ R + such that 
